Abstract. We investigate some relations between a generic immersion of a graph into the 2-space with small number of double points and the embeddings of the graph into the 3-space obtained by lifting the immersion with respect to the natural projection from the 3-space to the 2-space. Specifically we prove:
Introduction
Throughout this paper we work in the piecewise linear category and graphs are considered as topological spaces. Let S 3 be the unit 3-sphere in R 4 centered at the origin. For a finite graph G, an embedding f : G → S 3 is called a spatial embedding of G or simply a spatial graph. If G is homeomorphic to the disjoint union of n circles, then f is called an n-component link (or a knot if n = 1). Two spatial embeddings f and g of G are said to be equivalent (f ≈ g) if there exists an orientation-preserving self-homeomorphism Φ on S 3 such that Φ(f (G)) = g(G). A graph G is said to be planar if there exists an embedding of G into the unit 2-sphere S 2 . A spatial embedding of a planar graph G is said to be trivial if it is equivalent to an embedding h : G → S 2 ⊂ S 3 . A continuous map ϕ : G → S 2 is called a regular projection of G if the multiple points of ϕ are only finitely many transversal double points away from the vertices of G. For a spatial embedding f of G, we also say that ϕ is a regular projection of f or f projects on ϕ, if there exists an embedding f ′ : G → S 3 \ {(0, 0, 0, 1), (0, 0, 0, −1)} such that f is equivalent to f ′ and π • f ′ = ϕ, where π : S 3 \{(0, 0, 0, 1), (0, 0, 0, −1)} → S 2 is the natural projection, see Fig. 1 .1. A regular diagram ϕ of f is none other than the regular projection ϕ of f with over/under information of each double point. We call a double point with over/under information a crossing. For a subspace H of G, we often denote ϕ(H) (resp. ϕ(H)) by H (resp. H) as long as no confusion occurs.
Let L be an n-component link and L a regular diagram of L. Assume that the number of all crossings of L is less than or equal to three. Then it is not hard to see in knot theory that L is a trivial n-component link, a split union of a Hopf link and an (n − 2)-component trivial link or a split union of a trefoil knot and an (n − 1)-component trivial link. Thus if L does not contain a Hopf link or a trefoil knot, then L is trivial. The first purpose in this paper is to generalize the above fact to spatial graphs. A spatial embedding f of a graph G is said to be free if the fundamental group of the spatial graph complement π 1 (S 3 \ f (G)) is free. Moreover we say that f is totally free if the restriction map f | H is free for any subgraph H of G. For example, the two spatial graphs in Fig. 1 .2 are free but not totally free. We remark here that if G is planar, then f is totally free if and only if f is trivial by Scharlemann-Thompson's famous theorem [7] .
The following is the first result of this paper. Here we denote the number of all double points of a regular projection ϕ by cr(ϕ). Theorem 1.1. Let ϕ be a regular projection of a graph G and f a spatial embedding of G which projects on ϕ. Assume that cr(ϕ) ≤ 3. Then f is totally free if it does not contain a Hopf link or a trefoil knot.
As a direct consequense of Theorem 1.1, we have the following corollary. Corollary 1.2. Let ϕ be a regular projection of a planar graph G and f a spatial embedding of G which projects on ϕ. Then we have the following.
( 1 ) If cr(ϕ) = 1, then f is trivial. Corollary 1.2 also leads to another fundamental result on spatial graphs. A spatial embedding f of a planar graph G is said to be minimally knotted if f is not trivial but f | H is trivial for any proper subgraph H of G. Fig. 1.1 shows an example of minimally knotted spatial embedding which is called Kinoshita's theta curve. Note that every planar graph without free vertices has minimally knotted spatial embeddings [2, 12] . The second purpose of this paper is to investigate knotted projections which realize the minimal number of double points. A regular projection ϕ of a planar graph G is said to be knotted if there does not exist any trivial spatial embedding of G which projects on ϕ. Such a regular projection was discovered by K. Taniyama first [10] . For example, let ϕ be the regular projection illustrated in Fig. 1.4 . Then we can see that any spatial embedding of G which projects on ϕ contains a Hopf link, so ϕ is knotted. We call a knotted regular projection simply a knotted projection. On the other hand, a regular projection of a planar graph G is said to be trivial if only trivial spatial embeddings of G project on it. A planar graph is said to be trivializable if it has no knotted projections. Let Ω be the set of non-trivializable planar graphs whose all proper minors are trivializable. It is known that for any trivializable planar graph G every minor of G is also trivializable [10] . Therefore, due to the celebrated work of Robertson and Seymour [5] , it is guaranteed that Ω is finite. Although many elements of Ω have been found out through several works [8, 9, 3, 4] , the set is not completely determined yet. In this paper we will give necessary conditions for knotted projections.
Let d be a double point of a regular projection ϕ of G such that ϕ −1 (d) = {p 1 , p 2 } and p i ∈ e i , where e i is an edge of G (i = 1, 2). Then we say that d is Type-S if e 1 = e 2 , Type-A if e 1 = e 2 and e 1 ∩ e 2 = ∅, and Type-D if e 1 ∩ e 2 = ∅. The rest of this paper is organized as follows. In the next section, we introduce a key theorem which is needed to prove our theorems. In section 3 and 4, we prove Theorem 1.1 and 1.4, respectively.
Key theorem
To prove Theorem 1.1 and 1.4, we take advantage of a nice geometric characterization of totally free spatial embeddings which was first proved by Wu for planar graphs [11, THEOREM 2] and generalized to arbitrary graphs (not need to be planar) by Robertson-Seymour-Thomas [6, (3. 3)]. Here a cycle of a graph G is a subgraph of G which is homeomorphic to the circle, and a disk is a topological space which is homeomorphic to the unit 2-disk
Theorem 2.1. [6, (3. 3)] A spatial embedding f of a graph G is totally free if and only if for any cycle γ of G there exists a disk D γ in S 3 such that
Namely f is totally free if and only if for any cycle γ of G the knot f (γ) bounds a disk D γ in S 3 as a Seifert surface such that intD γ ∩ f (G) = ∅. We call D γ a trivialization disk for f (γ). Theorem 2.1 helps us to detect the totally freedom (or triviality) of a spatial graph by utilizing local informations in the regular diagram.
To put it into practice, we introduce some definitions. Let ϕ be a regular diagram of a spatial embedding of a graph G. Fix a cycle γ of G. Among the edges of G not contained in γ, choose all possible edges e 1 , e 2 , . . . , e m so that γ and e i produce double points of ϕ. We denote the subgraph of G which is obtained from G by forgetting e 1 , e 2 , . . . , e m by G ′ . Let R 1 , R 2 , . . . , R k be all of the connected components of S 2 \ γ. We denote the subspace ϕ
For example, given a regular diagram as the left-hand side of Fig. 2 .1, let γ be the cycle of G such that γ corresponds to the gray curve in the center of Fig.  2 3. Proof of Theorem 1.1
First we give two lemmas necessary for the proof of Theorem 1.1.
Lemma 3.1. Let ϕ be a regular projection of a graph G, f a spatial embedding of G which projects on ϕ and γ a cycle of G. If ϕ| γ is trivial and the interferency of γ is less than or equal to 1, then there exists a trivialization disk for f (γ).
Proof. If the interferency of γ is equal to 0, we construct a canonical Seifert surface of f (γ) from γ by applying the Seifert algorithm and, if necessary, isotope the surface so that it is located below each f (H i ) with respect to the height defined by the natural projection π. Since ϕ| γ is trivial, the number of Seifert circles should be greater than the number of double points of ϕ| γ by one, which implies that the resulting surface is a disk. Therefore there exists a trivialization disk for f (γ). Now consider the case that the interferency of γ is equal to 1. If e 1 passes above (resp. under) γ, then we construct a canonical Seifert surface from γ so that it is located below (resp. above) each f (H i ). Then we can obtain a trivialization disk for f (γ), after isotpoing the Seifert surface (or f (e 1 ) in relative sense) along the direction of the height so that f (e 1 ) is above (resp. below) the resulting surface. Our construction is depicted in Fig. 3.1 . ( Proof of Theorem 1.1. Let γ be a cycle of G. Let e 1 , e 2 , . . . , e m (0 ≤ m ≤ 3) be all different edges of G which are not included in γ such that γ and e i produce double points of ϕ. By subdividing G with some vertices of valency two if necessary, we may assume that γ and e i produce exactly one double point of ϕ. We shall show that if f does not contain a Hopf link or a trefoil knot then there exists a trivialization disk D γ for f (γ). Then by Theorem 2.1 we have the desired conclusion. Since cr(ϕ) ≤ 3, γ is one of the ten projections as illustrated in Fig. 3 .2 up to isotopy of S 2 . Note that these regular projections are trivial except for (x). If γ is any one of (iii), (iv), (v), (vi), (vii), (viii) or (ix), then the interferency of γ is less than or equal to 1 and by Lemma 3.1 there exists a trivialization disk for f (γ). Thus, in the rest of the proof we show the claim in the case that γ is (i), (ii) or (x). Let us consider the case that γ is (i) or (ii). If the interferency of γ is less than or equal to 1, then by Lemma 3.1 there exists a trivialization disk for f (γ). So we assume that the interferency of γ is 2 or 3. Since cr(ϕ) ≤ 3, we may divide our situation about the circumstances around γ into the four cases (1), (2) , (3) and (4) as illustrated in Fig. 3.3 . We remark here that there are ambiguities for positions of the ends of H i in Fig. 3 .3, but they do not have an influence on our arguments except for the case (4d) as we will say later. In the following we observe a regular diagram of a spatial embedding of G which projects on (1), (2), (3) or (4). (1) It is sufficient to consider the two cases (1a) and (1b) as illustrated in Fig. 3.4 . The other cases can be shown by considering the mirror image embedding in the same way as the proof of Lemma 3.1 (after this we often adopt this argument and do not touch on it one by one). In the case (1a), it is clear that there exists a trivializing disk for f (γ), see Fig. 3 .4. Next we consider the case (1b). Since f does not contain a Hopf link, we may assume that e 1 and e 2 each are incident to the different connected components of H 1 without loss of generality. Then we can see that there exists a trivializing disk for f (γ), see (2) It is sufficient to consider the two cases (2a) and (2b) as illustrated in Fig. 3 .5. In the case (2a), it is clear that there exists a trivializing disk for f (γ), see Fig. 3 .5. Next we consider the case (2b). Since f does not contain a Hopf link, we may assume that both e 1 and e 2 are not incident to the connected component of H 1 to which e 3 is incident, or both e 1 and e 3 are not incident to the connected component of H 1 to which e 2 is incident without loss of generality. In the former case, it is clear that there exists a trivializing disk for f (γ), see Fig. 3 .5. In the latter case, we may assume that both e 1 and e 3 are incident to the same connected component of H 1 . Since f does not contain a Hopf link, we have that e 1 and e 3 are incident to the different connected components of H 2 . If e 2 is not incident to the connected component of H 2 to which e 3 is incident, then we can see that there exists a trivializing disk for f (γ), see Fig. 3 .5. If e 2 is not incident to the connected component of H 2 to which e 1 is incident, then we also can see that there exists a trivializing disk for f (γ), see Fig. 3 (3) It is sufficient to consider the four cases (3a), (3b), (3c) and (3d) as illustrated in Fig. 3.6 . In any cases we can see easily that there exists a trivializing disk for f (γ), see Fig. 3 .6. (4) It is sufficient to consider the four cases (4a), (4b), (4c) and (4d) as illustrated in Fig. 3.7 . In the cases (4a) and (4b), it is clear that there exists a trivializing disk for f (γ), see Fig. 3 .8. Next we consider the case (4c). Since f does not contain a Hopf link, we have that e 1 and e 2 are incident to the different connected components of H 2 , or e 1 and e 2 are incident to the different connected components of H 1 . In either cases we can see that there exists a trivializing disk for f (γ), see Fig. 3 .9. Next we consider the case (4d). Since f does not contain a Hopf link, we have that e 1 and e 2 are incident to the different connected components of H 2 , (3a) (3c) (3b) (3d) or e 1 and e 2 are incident to the different connected components of H 1 . In the former case, it is clear that there exists a trivializing disk for f (γ), see Fig. 3 .10.
In the latter case, we may assume that both e 1 and e 2 are incident to the same connected component of H 2 . We denote the connected component of H 1 to which e i is incident by H Finally let us consider the case that γ is (x). Then the interferency of γ is equal to 0 and only trivial knots or trefoil knots project on it. Since f does not contain a trefoil knot, we have that f (γ) is a trivial knot. Thus our situation about the circumstances around γ can be depicted as Fig. 3 .12. And we can find a trivialization disk for f (γ), see Fig. 3 .12. This completes the proof.
Proof of Theorem 1.4
In this section we prove Theorem 1.4. For a regular projection ϕ of a graph G, we denote the set of all equivalence classes of spatial embeddings of G which project on ϕ by SE(ϕ). We say that two regular projections ϕ and ψ of G are SE-equivalent (ϕ ∼ SE ψ) if SE(ϕ) = SE(ψ). Then it is clear that each of the double points is Type-D. Therefore we have that if ϕ has a double point of Type-S or Type-A then there does not exists a non-trivial spatial embedding of G which projects on ϕ, namely ϕ is trivial. Now we assume that ϕ is knotted. Let d 1 and d 2 be exactly two double points of ϕ. By considering sufficiently small compact neighborhoods N 1 and N 2 of d 1 and d 2 in S 2 , respectively, we can obtain disjoint simple subarcs α 1 , α 2 , α 3 and α 4 of G each of which does not contain any vertex of G, so that ϕ
We put ∂α 1 = {p 1 , p 2 }, ∂α 2 = {p 3 , p 4 }, ∂α 3 = {q 1 , q 2 } and ∂α 4 = {q 3 , q 4 } so that p i and q i (i = 1, 2, 3, 4) are in the position as illustrated in the right-hand side of Fig. 4.1 . We denote two arcs γ \ (intα 1 ∪ intα 2 ) by ι 1 and ι 2 so that ∂ι 1 = {p 2 , p 3 } and ∂ι 2 = {p 1 , p 4 }, and two arcs γ ′ \ (intα 3 ∪ intα 4 ) by κ 1 and κ 2 so that ∂κ 1 = {q 2 , q 3 } and ∂κ 2 = {q 1 , q 4 }. By giving over/under informations to d 1 and d 2 so that γ passes over γ ′ , we can obtain the spatial embedding f of G which projects on ϕ such that f (γ ∪ γ ′ ) is a trivial 2-component link. Note that f is non-trivial because ϕ is knotted. Therefore by Corollary 1.2 (2), there exists a pair of disjoint cycles γ ′′ and γ ′′′ of G such that f (γ ′′ ∪ γ ′′′ ) is a Hopf link. Since cr(ϕ) = 2, we may assume that α 1 ∪ α 4 ⊂ γ ′′ and α 2 ∪ α 3 ⊂ γ ′′′ . Moreover, we may assume that there exists a pair of disjoint subarcs λ 1 and λ 2 of γ ′′ such that ∂λ 1 = {p 2 , q 3 } and ∂λ 2 = {p 1 , q 4 } without loss of generality. Then there exists a pair disjoint subarcs µ 1 and µ 2 of γ ′′′ such that ∂µ 1 = {p 4 , q 2 } and ∂µ 2 = {p 3 , q 1 }. We denote the subgraph γ ∪ γ ′ ∪ γ ′′ ∪ γ ′′′ of G by H. We call the closure of a connected component of H \ γ ∪ γ ′ in H a connector. Note that a connector is a simple arc in H whose boundary belongs to γ ∪ γ ′ . Since H is planar, there exists an embedding ψ : H → S 2 . For a subspace S of H, we denote ψ(S) also by S as long as no confusion occurs. Then we may assume that γ ∪ γ ′ is positioned into S 2 by ψ as illustrated in Fig. 4 ′ and D ′′ , we see that γ ′′ runs in A. Then we peel γ ′′ from (γ ∪ γ ′ ) \ (α 1 ∪ α 4 ) in A by applying local deformations as illustrated in Fig. 4.3 . We also peel γ ′′′ from (γ ∪ γ ′ ) \ (α 2 ∪ α 3 ) in the same way. By this operation, we can obtain new plane graph H ′ from H. But it is easy to see that H ′ contains a subspace which is homeomorphic to the complete bipartite graph on 3 + 3 vertices, namely H ′ is non-planar, see Fig. 4 .4. It is a contradiction. We can see that the case (2) of Fig. 4 .2 also yields a contradiction in a similar way. Hence we have that ϕ is not knotted. (3) Let ϕ be a regular projection of G with cr(ϕ) = 3. If ϕ has a double point of Type-S, then we may divide our situation into the three cases (a), (b) and (c) as illustrated in Fig. 4 .5. In (a) and (b), ϕ is SE-equivalent to a regular projection ψ of G with cr(ψ) = 2 as illustrated in Fig. 4 .5. Note that ψ is not knotted by Theorem 1.4 (2). Thus we have that ϕ is not knotted. In (c), there exists a trivial spatial embedding of G which projects on ϕ, see Fig. 4 .5. Thus we have that ϕ is not knotted.
If ϕ does not have a double point of Type-S but has a double point of Type-A, then we may divide our situation into the four cases (e), (f), (g) and (h) as illustrated in Fig. 4.6 . In (e) and (f), we can show that ϕ is not knotted in a similar way as (a) and (b). In (g), we can also show that ϕ is not knotted in a similar way as (c). In (h), let ψ be a regular projection of G which is obtained from ϕ by smoothing the double point of Type-A as illustrated in Fig. 4 .7. Since cr(ψ) = 2, we have that ψ is not knotted by Theorem 1.4 (2) . Note that any spatial embedding of G which projects on ψ also projects on ϕ, see Fig. 4 .8. Thus we have that if ϕ is knotted then ψ is also knotted. It is a contradiction. Hence we have that ϕ is not knotted. 
